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Point perturbation analysis of experimental data

I1. The statistics of relaxation length values of pseudo-random errors
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The statistics of relaxation lengths for psendo-random deviates as determined by point perturbation analysis (E. Di Cera, F. Andreasi
Bassi and G. Arcovito, Biophys. Chem. 34 (1989)239), has been constructed by a Monte Carlo study. The values of the relaxation
length, L, approximately follow a Gamma distribution. The results allow for a statistical estimation of relaxation profiles and
provide a test for randomness of residuals which is more accurate than other standard procedures.

1. Introduction

We have recently proposed a new method of
checking for systematic errors of experimental data
based on ‘point perturbation analysis’ (PPA) [1}.
The gist of this method stems from construction
of a perturbation matrix from the stretch of resid-
vals derived from linear or nonlinear least squares
of experimental data. The perturbation matrix is
then processed by standard techniques of Fourier
analysis [2,3] to yield the periodogram and the
autocorrelation function of each experimental
point. Integration of the autocorrelation function
vields a ‘relaxation length’, L, for each residual
that represents a distance of relaxation for the
correlation of each residual [1].

Preliminary investigation has shown that a value
of L>1 for a given experimental point should be
considered indicative of significant correlation and
hence nonrandomness [1]. A key question of course
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arises as to the statistics associated with relaxation
length values. In the present study, we wish to
report on a Monte Carlo investigation of the ex-
pected distribution of relaxation length values for
pseudo-random deviates, in order to obtain a sta-
tistics for L in the absence of systematic errors.
The results provide a sound statistical basis for the
quantitative interpretation of relaxation profiles
obtained by PPA.

2. Methods

The PPA method is discussed in detail elsewhere
[1] and is briefly outlined here solely to make this
paper self-contained.

Consider the n-dimensional vector of experi-
mental data y and the fitting function F(x,p),
where x is the independent variable and p the
vector of fitting parameters, and the associated
functional [4]

o=[y-F(x,p)]" [ y— F(x,p)] =rr= erz

(1)
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where r is the vector of residuals and summation *
is taken over the n experimental data points. The
minimum (best-fit) value of ¢ is given by

O* = p*Tp* = Zr*z (2)

and is a function of n residuals. Another func-
tional of the form given in eq. 1 can be minimized
after dropping a particular data point, say y;. This
functional is given by

Z rkj (3)

J+k

, =
o, e "k

and is the sum of n — 1 residuals of the form r,
where the subscript k indicates that the residual
of point j has been calculated by dropping point
k. The term r}% gives the residual of the point
being dropped, i.e., the distance of y, from the
new best-fit value of F obtained when point k is
weighted zero in the minimization procedure. By
adding r%? to eq. 3 one has the important stabil-
ity relatlon [1]

d’/;*'i'rkk Zrkj —@:ZQ* (4)

which states that @ is the functional @* ‘per-
turbed’ by dropping point k and is always greater
than the unperturbed functional, independent of
the particular point being dropped.

An nXn perturbation matrix is then con-
structed with elements

brt = rp = i (s)

where 8rf gives the displacement of the k-th
residual from its ‘equilibrium’ position, r.*, due to
the perturbation induced by dropping the j-th
point [1). In the absence of systematic errors one
expects, for any k, the » changes 8r%, 6r.%,... 0%
to be random. This can be established by
processing each column of the perturbation matrix
by standard techniques of Fourier analysis in order
to extract harmonic components indicative of
nonrandom behavior [1,2]. For each point & the

* We adopt the same notation as in ref. 1: matrices and
vectors are denoted by bold and summations are always
taken from 1 to n unless otherwise noted.

. discrete Fourier transform of frequency 7=//n is

given by
fil(r) = Edrjte-iorts=b ©)
J

and the corresponding periodogram is

I(7) = nfi (1) £ (7) /2 (7)

where f° is the complex conjugate of f. The
autocorrelation function C,(a) for each point is
given by the inverse Fourier transform of I.(r)
and is an even function computed in the lag range
+q (¢g=n/2 for n even; g=(n—1)/2 for n
odd). The function C, («) is tapered with Bartlett’s
weights [1,2]

~a/q fora<g
W(a )_{ for a>gq (8)
and the relaxation length for each point, L(k), is
finally obtained as the integral

L(k)= fchk(a)W(a)da (9)

The relaxation length for a point subject to ran-
dom noise in the range + oo must be zero, as a
consequence of the fluctuation-dissipation theo-
rem [5]. In practice, since one only deals with
finite values of ¢ and the autocorrelation function
is tapered according to eq. 8, then the integral
above does not return a value of zero for random
deviates, but rather yields a relaxation profile close
to the zero baseline [1]. The key question arising is
to establish the exact distribution of relaxation
length values in the case of random deviates and
to construct a statistics thereof. This would allow
for a quantitative interpretation of the relaxation
profile, especially in the case of L values well
above the zero baseline. Such a problem can best
be addressed by a Monte Carlo study.

Random noise perturbations of a given experi-
mental point were generated as 8r* values using
pseudo-random deviates of the form [6]

8r* = /=2 In(RND,) - cos(27RND, ) (10)

where RND,; and RND, are two random numbers
such that 0 <RND <1 and j=1, 2...n. Ini-
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Fig. 1. Relaxation values obtained as a function of residual
points at the cutoffs of one (00), two (&) and three (a) standard
deviations from the Monte Carlo simulations discussed in the
text. Horizontal lines depict the average value of each cutoff
and correspond to L values of 0.60 (0), 1.34 (¢) and 2.32 (a).

tially, 103 perturbations of variable length were
simulated with n ranging from 10 to 60 in order to
assess the dependence of the statistics on the size
of the perturbation matrix. Each sequence com-
posed by n 8r* values, generated according to eq.
10, was processed using egs. 69 to yield a corre-
sponding value of L. The distribution of all 10° L
values was statistically analysed for the different
values of n. The L values corresponding to one,
two and three standard deviations of the distribu-
tions obtained are shown in fig. 1 from which it is
clearly observed that these cutoffs are practically
independent of the value of n in the range studied.
The same conclusion was reached after generating
87* wvalues according to the logistic difference
equation [7], i.e.,

8r* = x; (11)
with
xj=axj_1(1—xj_1) (12)

where 0<x <1, and x,=0.35. The equation
above yields a periodogram characteristic of ran-
dom noise for g = 4, which corresponds to a dy-
namical regime of complete chaos [8,9].

3. Results

The distribution of relaxation length values for
the case n =10 is shown in fig. 2. The underlying
statistics is not Gaussian, but rather follows quite
closely the Gamma distribution

f(L)=L%"* (13)

with a=1.06+002 and B8=3.50+005 The
probability that L lies in the range from 0 to X is
given by

P(L<X)={B""'/I(a+ 1)}fOXL"e‘ﬁLdL
(14)

where I' is the Gamma function. The probability
that L exceeds X is then

P(L>X)=1-P(L<X) (15)

From the relations above, one readily calculates
the statistical confidence of a value of L =X not
being random as P(L < X). The probability that
L=>1 is only 14.3% for pseudo-random deviates
and hence a value of L > 1 is indicative of sys-
tematic errors with at least 85.7% confidence. In
the case of n>10 the agreement between the
distribution of L values and the Gamma distribu-
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Fig. 2. Distribution of relaxation length values for 10° stretches
of 10 pscudo-random deviates obtained by Monte Carlo simu-
lation as discussed in the text, The data are shown as absolute
frequencies (or number of observations), f, versus L. The L
values were cumulated in discrete intervals of 0.01 L units. The
continuous line was drawn according to the Gamma distribu-
tion AL% AL with best-fit values: A= (1.2940.06)x10%
a=1.06+0.02; 8 =3.50+0.05.
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tion is not as good as in the case »=10, and
therefore the statistical confidence associated with
any value of L must be computed directly from
the cumulative distributions obtained by Monte
Carlo simulation. Interestingly, the cutoff values
for one, two and three standard deviations appear
to be independent of n (see fig. 1). These values
can thus be used as ‘invariant’ statistical quanti-
ties for practical applications of PPA.

4. Discussion

The results of the foregoing analysis allow for a
quantitative interpretation of relaxation profiles
obtained by PPA. In a previous paper [1], the
value of L=1 was taken as cutoff for assessing
nonrandom behavior of a residual. In view of the
distribution of L values obtained for pseudo-ran-
dom errors we can conclude that this cutoff is
extremely accurate. In fact, it gives a confidence
of 85.7% in considering a value of L=1 to be
‘suspect’ and hence indicative of nonrandom be-
havior. It might be of interest to note that a 68.3%
(one standard deviation) confidence is associated
with a value of L as low as 0.60.

The relaxation profile of shear viscosity mea-
surements of a 2,6-lutidine-water mixture [1] is
shown in fig. 3, along with that obtained from
viscosity values simulated with pseudo-random er-
rors. The horizontal dotted lines depict confidence
cutoffs of one (68.3%), two (95.5%) and three
(99.7%) standard deviations. These lines facilitate
the quantitative assessment of nonrandom (or ran-
dom) behavior for each experimental data point.
One sees that, in the case of viscosity measure-
ments simulated with superimposed random er-
rors, the relaxation profile is very low with points
below the cutoff of one standard deviation. In the
case of experimental measurements of shear
viscosity the relaxation profile shows points well
above the cutoff of two standard deviations, which
strongly indicates the presence of systematic er-
rors in agreement with the conclusions drawn in a
previous study [1].

Finally, we wish to stress the higher discrimina-
tive power of PPA as compared to that of other
standard tests of residuals [2-4]. The relaxation

25— —l

0 5 10 15 20 28 30 35 40
point

Fig. 3. Relaxation profiles of: (a) experimental determinations
of the temperature dependence of shear viscosity of the 2,6-
lutidine /water mixture {1], and (b) viscosity values simulated
in the same temperature range with superimposed pseudo-ran-
dom errors. The experimental determinations are given in table
1 of ref. 1. Dotted lines depict the values of L expected for
truly random deviates at the cutoffs of one (68.3%), two
(95.5%) and three (99.7%) standard deviations (see fig. 1).

profiles shown in fig. 3 clearly point out the
dramatic difference between experimental de-
terminations and the data set simulated with su-
perimposed pseudo-random errors. The results of
the standard autocovariance test of residuals [2—4]
for the two sets are shown in fig. 4. No significant
departure from random behavior can be seen in
both cases and the two profiles look very similar.
Another standard test of residuals is obtained by
plotting the residuals on probability paper [3,4].

lag

Fig. 4. Autocovariance test of residuals [2—4) for the same

experimental (continuous line) and simulated (dotied line)

viscosity measurements shown in fig. 3. The autocovariance is

very low in both cases and indicates no appreciable departure
from random behavior.
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Fig. 5. Probability test of residuals [3,4] for the same experimental (a) and simulated (b) viscosity measurements shown in fig. 3. Note
the particular scale given on the ordinates for such a test. The residuals are scattered around a straight line in both cases, which
implies no appreciable departure from random behavior.

Random residuals in such a plot are uniformly
scattered around a straight line. The results of this
test for the two cases shown in figs 3 and 4 are
depicted in fig. 5. Again, no appreciable difference
can be seen between experimental and simulated
data sets, and the residuals are scattered around a
straight line in both cases. Therefore, from the
standard tests of residuals shown in figs 4 and 5
one would conclude that the experimental de-
terminations of shear viscosity of the 2,6-lutidine
water mixture [1] contain no appreciable sys-
tematic errors, as the residuals behave like those
obtained in the case of a simulated data set with
superimposed pseudo-random errors. On the other
hand, a quite different conclusion can be reached
via PPA, as indicated by the relaxation profiles
shown in fig. 3. The higher resolution of the PPA
method [1] is certainly due to the information
gained through point perturbations, by which a
stretch of n residuals is expanded into an n X n
perturbation matrix.
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